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Bameuanue. BuﬁpaB IUKJIHYECKHH oﬁpaaymumn B MYJIBTHHJIHK&

THBHOH rpynmne L* koHeuHoro noas L u sanucas HEHY/IEBHIE 3/IEMEHTH IO/t

- . L xak ero cTeneHy, noayvaem yaAoOHRIH H. scbcpeKTHBHmH crocot YMHOXEHHS
3JIEMEHTOB KOHEUHOro [OJS.

Tpydnas sadaua. (Teopema Be;w,epéapaa) KOHeuHoe Teo KOMMyTa

\,_'— I TUBHO, T. €. ABASETCH KOHEUHKIM NOJeM (HHI:IMH CJIOEM?)AL Koueugmx TeJ HE
Ly cymecmye'r) - : RAA ,



i

' nopsjmon)

B cn.ny C'rpyx'rypnou Teopenm mm KOHEYHHIX a6enesux rpyrm

“‘fnpmapﬂaﬂ numaqecxaﬁ rpymma...

st =1 ans.scex x € L°, L |— m > i, T. €. MHOTOUJIEH: Haj, TI0JIEM - L HMEET
pasnnqnbxx KOpHe}i 6onbme uem ero CTeneHb, 4TO HEBO.?.MO)KHO

JTHYECKAS rpynna (KaK npoussep,eﬂue LlHKJIH‘IECKHX rpynn B3AHMHO' npoc‘,’mx :

,H,oxasaTenbcq'Bo Hyc'rb |L|=N =p", toraa m = |L|— _—li-ﬂ

Ecmj”); pJ BT z;ég To t =HOK(p{", ,p, )<p p =m nToma :

Urak, p, # p; npu i # J, urorga L*= G, . |G’|-P= ,— HK . ,



- Ao-

BruncAeHME B (PAKTOPKOJIbIE KOJbLA MHOTOUJICHOR E

no r.nannomy HAeany, NOPOXKACHHOMY uenpnno,lmmmm
MHOFOYJIEHOM

Hyc'rb K-— noue, K[z] — KOJBLO MHOrOY/IEHOB, (a:) — HerHBO
muMbiit mHorouned, degp(z) =mn, (p(z)) = Klz]p(z) = {f(:c)p(o:)|f(a:) €
€ K[z]}=gnasuuii HAeaN KoMbua K[x], nopoxaeHHxI MHOTOW/IEHOM p(Z),
- L=K [=] [(p(=)y— q)am‘opxonbuo Mul yctaHoBHAH, YTO L"— mosie H 0T06- |
 paxkeHue, NpU KOTOpOM k—k= k + (p(a:)) ocqu,e(:TBJme'r B.HO}KEHHE nosist
K Bnose L.
© . Ecam h(m)eK[m} TO h(cc) p(m)q(m)+ r(a:) npu TOM: r(a:)—- k0+
.+k193+ +k “Ln= egp(:z:) ko ku o by 1EK H°9T°MY '

h(%) + p(m)) = r(:v) + p(m)q(w) + (p(w)) =r(z) + (p(w)) =

1) r(a:) — KaHOHHMIECKH M’ Hp&}lCTaBHTEJIL CMEXKHOTo" K.nacca h(a:) +
+(p(z)y (o,uaosnaqﬂo ONpeAesieHHEH, KAK HMEIOIHi HAUMEHBLIYIO CTENeHb).
2) Konsiieprie onepauuu C s/ieMeHTaMH noast L MOXKHO' mrrepnpem'
poBaTh: K&K :-a)~croxenue MHorowrexos r(z), degr(z)< n—1;.6) ym-
ocne;l,yromnm B3SITHEM .OCTATKA OT AEJIEHHS Ha: p(a:) (r. e.
=p(x)g(x) + r{x), ‘degr(z) g n— 1, degn(z)<n—1,
1,0 (n(w)+(P(w)))(rs(w)+(P(w)))—ra(iv)+(P(-’v)) )
3) Ctm-ra yto K C L (npu otoxaecreaenuy K3k — k= k+(p(z))€ =
€ L), Mu BHIHM, 4TO {1 £,..,&"" 1}, e £ =z + (p(x))y€ L, — Gasuc
- JIMHEHHOr0 NPOCTPAHCTEE f L Hag nonem K, 4, Takum o6padom, dim, L =n.
4) Tak Kak p(¢) =0, TO'HENPHBOAUMEI MHOrOWJIEH p(T) UMeeT B pac-
wupeHHoM L nojst K KOpeHs. . .

[Tpumep. K =R — none geficTBuTe bHEX uucen, p(x) =z +1¢€
€ R[x] — uenpusogumuiit MHorounen. Torma L = R[z}/(«*+ 1) C (C —
noJjie KOMILJIEKCHEIX YHCEeJ).

JokazateancTBo l-e. Takkak £241=0, s & =z +(z®+1), TO
Ans a, b € R cootBeTeTBHE a+ bE «+ (a,b) « a+ bi siBsteTcst HsoMOpHH3IMOM
noneit L =R[z]/(«2+ )uC. O |
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o iL;S_QI.,

Hokasareanctso 2-e. PaccMorpum romomopdusm A: R[z]— C,
AL KaXKAOTO A(f(m)).u f(z) 3amerum, uto kerA = {f(z) € ]R[o:]lf(z) =
=0} =R[z](z® + 1) = (2 + 1), nockoeKy eciu MuorouneH f(z) ¢ memcT-
BUTENbHEIMM K09 (HHUUMEHTAMU UMEET KOPEHb 7, TO —i Tax)xe SIB/ISIETCS! €T0
KOpHeM, ¥ moaToMy f(z) AenuTcs Ha (:n — z)(:c + )=z + 1. o 'reopeme 0
rOMOMOP(HU3Me Jist KOPHSI . S : , ,

L= Rlz]/(a* + 1)2C. D

y n p AXHEHHE, HYCTB p(:v) € R[a:] — .moéoﬂ Henpnaop;nmmn MHO-
ro4JieH 2 -i CTENeHH. Toma

L R[iv]/ (P(w)) C

o I'Ipumep I'IyC'rh K Z — MOJIE BHIYETOB MO Mo,n;ymo P, |K|
=p, p(z)EZ, [a;} — Henpnnonnm.m MHOTOYJIEH, degp(o:) n. Toma L =
_' =7 a:]/(p(a:)) — 'KOHEYHOE TIo/Ie U3 p™ 3/J1eMEHTOB.

B YaCTHOCTH, ITYCTh K= Zy, p(z) =2 +z+1 622[5:] — Henpnnonnmmnj‘ | .
MHOTOYMeH, Toraa L = Z2[:n]/(a:2 + x -+ 1) — noJsie ux 4-X 3MeMeHTOB.’ | \

Yn p aXHeHHE, HOCTpOHTh KOHEYHoe 11oJie u3 8 H U3 9 anemem:on :]
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e R Hpocme nonno.ne

O n p e,u, eneHue. I'chn: L — none. I'Ipoc'roe nonrlo.ne — 3TO HaW-
MEHbIlee TIOATOIE, conepx{amee 1 (ono. cymecrsyer, KakK nepeceqenne BCEX

ﬂonnonen noas L ).
Paccmo'rpum KaHOHquCKHH romomopcpuam xoneu--

Z-—*»Z ICL

0TOp0M A(n)m % I J.UIH ne Z.

"Boamoxubr B CaTyUast::

Cﬂyqan T:char L =0. B a'rom c.rlyqae kerA O U TIOSTOMY A Z—+ Z I,

: -1, = Haomopq.mam KoJen. Taxum oﬁpasoM HAaUMeHblIee MOANOJe

‘,.»_-,:no.m :L, conepxawee 1, COCTONT U3 BNEMEHTOB (m I n - 1)‘ n#O H
; uaomop@ao noaw (@ pailuoHa AbHHX YHCE.

© Cayuari 2: charL p — npoc*roe 4HCTIO, Toma kerA Z? H Mo TeopeMe

,O{FOMOMop(bHBMHX

o ZINZ/Z?—Z
1.¢. Z-1={n1|ne€Z}, okasupaercs HaHMEHhL{IHM MOATIONEM B L conep-
XKaUUM 1,-M H30MOP(HO MO BEHIYETOB Z, pisi p = charL

ChanepgcTBHe. .
1) ecau char L =0, mo mosicHo cuumame, umo nose L codepomum noae
O DAUUOHAAGHBLX YUCEA! o L

2) ecau char L = p, MmO MOHCHO cuumame, 4mo nose L codepacum nose
8614e1mos Z,. o - S

'CTpOeHHEe KOHEUHRIX NMoJNeH
Teopema. ‘Ecau L — xoneunoe nore, p=charL, mo |L|=
HMokaszatenncTro. [lose L. corepxkur nose BEYETOB Z, (KaK npo- : iz
croe monone), Z, C L, nostomy L — KOHEYHOMEPHOe AMHedHOe IpoCcTpan- |
CTBO Haj TIoJIeM Z TaKHM oﬁpasom ecnu {e;,...,e,} — 6asuc Juueiisoro

-npocmaucma L TO. K&H{}.IBIH 3JIeMeHT o L 0}1HO3HH‘-IHO npenc'rasna-
e'rcz B BH}ELE

'\Iel+ +/\“ n,A‘—EZ‘p,

_nnosmmy]L|_p 0 - - A i

3amevanue He cymecmye'r KOHEUHHIX rToNteft U3 6 snemen*ros (6 =
= 2 3 He uMeeT BH}:{ p B D&SJIO)KEHHH Ha npoc*me MHO}KHTEJIH)




I R L

Jdemma. Ecaul — nose, charL =p, mo (a+b) =" +b7, (ab)” =
=P b¥ dan ecex r 21, m. e eosseaenue 8 p-ylo CMenens ALAREMCR
3OMOM0p¢u3MOM us L 8. L. .

I{oxasa're.nbc'rao Tak KaK (a,+b)" ZC‘ a*b?- *f-uémiomw

HaJbHEIE Koatbcpnunemm C} npu O< k< P REISTCST Ha P, TO (a-,-}-b)p = a,P+ b?.

Hrepupys ato coo6pax{enue nony4aeM, uto (a+ b)” = o + bP npu rzl..

SlcHo, uto (ab)? = o' b¥" pns moboro k €N. O

- Teopema. Ecau N=p" un>0,moenose L xapafcmepucmufcu

/ P mhoeousren f(z)=x¥ ="z He umeem xpamubix Kopred. N

- HoxkaszatenbcTso. Tak kak fz)= :c(a: -l i) 10 0 He HBJIHGTCH

“KDaTHHM KopHeM (T e. KkpaTHOCTH 1). . ‘
‘Ecau a” "‘G}UIH O#aEL TO -

f(:c) zV -z = z ——aN—m+a—(m a,)N-—?(a: a) (a: a,)((:z:-a,)"‘rﬂ“_I 1),

- T. €. KPATHOCTB KOpHH a paBHa 1 0o o : ol
Teopema. Jis aoboeo npocmoeo qucxza p u uamypanmoao ttucm
n € N cywyecmayem nose L, codepmamee N =p™ ssemenmos: :
~ JHokaszatemabcTBO. [lycts N=p". PaCCMOTpHM Mﬁoroq.:reﬁ zV
TPEL [a;] B cu.ny TEOpEMH o mojte pasnon{euuﬂ cymecraye*r pacmnpenﬂe

- :v pas.narae'rcn B HPOHSBEJIEHHE JIHHEHHI:IX MHO}KHTGHQH

e e

Tak kak muorowieH z¥ —z He HMeeT KPATHHX KOpHell, To Bce 57TEMEHTHI
a,0y,...,a, pasandnsl, [lokaxeM, uto MHOXecTBO I = {ai, , Gy} -BCEX
KOpHEH MHOroujeHa x/V — x. ABJseTCS IOANOJEM B MmoJje: L’ T. €. L —_
HCKOMOe TIoJIe, cocTosimee U3 IV = p* S/IEMEHTOB, -
Heicreurensuo, ecan a,b € L, 10 ¥ =a u bY = b, noaTOMy'
1) (a+ b)Y =a" +b”—a+bTea+bEL R
;E a =(-1)¥ ”-_-_-a,u.rmp;éQ T. €. —-aEL eci )Kep 2 TO

(—a) =ad"=a T.&. —a€ A;
- 3) (a,b)’_"-—-y =ab, T.e. ab e L;

o b’np__a}KHeHue *
M30MOP(HEL.
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l'ImemKeHHe GHHOM HmeOHa
TPEYTOJIBHHK IIaCKaJm . cnelmaJILHbIe
KOM6HHaT0prIe tmc.na n MHOI‘O'-IJIEHLI

6.1. BHHOM Hmo*rona n TpGYI‘OJII:HPIK ‘Hacxa.nﬂ

Myers k,n € N n Sk PaCCMOTpHM ynopﬂnoqeﬂﬂym' BblﬁOpKy H3 k snememoa (zl, .. ,zk)

MHOXECTBA {1 2,...,n} 6e3 nobropennit xKax ‘BEIGOP HPOHyMEPOBaHHbIX H1apoB H3 KOpB}{Hbl.
‘-Iucno TaKHX Bmﬁopox (uncsio NMepectaHoBOK H3 7 1O k) paBHO '

nl
) ol
e I = 1-2., l nJ151 Ha’rypa.ﬂbnoro yucna I (Jum nepBon HOBHI};HH 1] HMEeTCH N Bosmonmocmn
A5 BTOPOH IO3HIHH i (an LpHKCHpOBaHHOM i) —n—1 Bosmoxmoc"ren - Anst nosumm i
(npu QHKCHPOBAHHDIX 41, .., tp—g) =~ R~k 1. Bosmommcmn) SRR

Iycts aa¢nxcuponaﬂ ynopﬂnoqeﬁﬂbm__,;‘haﬁop (i - zk) Paccmmpnm 'MHo:»KeCTBo
{in i} (Heynop;queHHbm Habop pasnudHbIx $HCed 457 i), doa Kazx/oro Takoro MHo-
Kecrsa {41,...,1} cyltectsyet k! pasnuuiipix ynopﬁ,aoqenﬂmx Haﬁopoa (31, y gk) %H Heyno-
PAACUEHHEIE Ha6opbl coBuafant ¢ {iy,...,4} (ais HepBoi | nosnum{ J1 uMeeress k .BapuaH-
TOB, ANS ja (UPH HUKCHpOBaHHOM j)) — k — 1 Bapuautos,.. ., s g (an cfmxcnposaﬁﬂblx

J1y -1 Jk—1) — ONMH BapHAHT). TTosTomy uncio Heynopn,uoqeﬂﬂmx BEIGOPOK 3 k anememoa Ck
MHOXECTBA H3 7 3/1eMEHTOB PaBHO

-n-_(_nu—_l) oln— k—l—l)—

e__n
Cn = K(n— &)1

(HasbiBaeTCs YHCAOM COMETAHMH M3 7 MO k). Ipyroe oBosuayenne

(-

fcno, yto C’“ — YHCAO k-3JIeMEHTHHX HO}IMHO}KCC’I‘B MHOXKecTBa, cocmﬂmero H3 T snememoa

HOSTOMY HOJ’IO)KHM JOMONMHHTENLHO
OU =1
n

(y mMHOxecTBa ecTh IIyCTOE MOAMHONKECTBO).

P
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Ynpaxnenue 6.1.1,
1) Ecan ﬁ— npoctoe ukeso M 0 < k < p, fo 4HC0 C‘,’fﬁenmm Ha p.
2) Ilpu kakux nr _3ce'qnéﬁé Ck k=0,1,...,n, HeudTHbI?
Orger. n_='r2“" -1, s €N -
3azaua 6.71.2 (Jl't.?,h:‘lM.bI kaﬁnancxoro);
1) Us n bésnnﬁﬂmx 06beKTOR, PacTIONIONKEHHBIX Ha MPAMOH, BEIGHpaloTCs k o6bexTos. Io-

Kaxure, 4T0 yucao f(n,k) TakHx Habopos, YTO HHKaKve 1Ba u3 BBIOpAHHBIX 06LeKToB
He fIBJIAIOTCA MOC/EOBATENLHBIMH, PaBHO . - - - - . B

- ok n+1
f(n) k) = Cn—k+1? k\<~ 2.
2) Hs n f-)aSJIHHHbIX_ 006BbEKTOB, paCUOHO}KEHHblk Ha OKPYX¥HOCTH, EblﬁﬂpaeTCﬂ k obbexTos.

He ABJAIOTCH [0C/IENOBATE/LHEIMH, PABHO

Mokaxute, uto yucao g(n, k) TaKHX HAa0OPOB, YTC HEKAKHe 4B H3 BHIGpaHHBIX 0GbeKTOR

g(n:k):n__"_‘g rlf—kx k<

STES

' W3 onpenesenns uucen CF caenyer, uro Ck = Cn-k, Cymectsyer MHOTO KOMGMHATOPHBIX
TOXAECTB, CBA3LIBAIOLLHMX HHCHa codeTanuil. Hanbonee 44CTO MCHOJIb3YETCH COOTHOIIEHHE . -

CG=Cdvck, T ey
JléficTBUTEMBHD, -
k-1, e (n—1)! R et ) L
Gt o = G- T e T

(a1 L1y W,
m-1-BE-DI\n"k k) -kt ~ "

o TerIEMEi 6.1.3 (6uHoM Hurotona). ITycts a, b — suem

Horo kossa K (B wactHoctH, a,b €R), n € N. Torz

EHTH KOMMYTATHBHOIO 4CCOLHATHB-
"
(ot = E Ckam=*p*,

k=0

{lepeoe doxasamerbcmso.” PackpeiBas cKoBGKu B BEIpAXKEHHH (a + )", Mbl BHAHM, 4TO BCe
craraembie MMeloT BHAL a™Fb*, npuuén TIPH TIPHBEAEHHH TONOGHEIX YJIEHOB YHC/IO C/IAraeMbiX
a"~Fb* — 370 uren0 BHIGOPOK H3 k BrpaNEHMit (a+b) B npousBeenyy (a-+b)*, U3 KOTOPEIX M

B3 b, @ M3 OCTA/IBHEIX N~k CKOBOK (a--b) B3fIH a (npu packpeiTHE CkoBok). CiejoBaTesinHo,

caaraemoe a™ *b* polinér B BRIpaxenue A (a4 b)® ¢ kospduiHenTOM C*, ' O
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MHROro4/ieHu

Bmopoe doxkasamenscmso. IlpuMenum MeTop MaremaTHdeckod uHHAyKu#H. OcHoBanue:
n= 1, [lycts n > 1 1 Hawa dopmyaa fokasana aaa n — 1. Torna

n—1

(@+07 = @45+ = (O *bk) (a+8) =
: ' k=0
n=1 N n-1 - n—=1
— Z Ok_l o Epk +_Z C:f—l gD+ Z mla" kpk 4 Z n-l oy =
N } : rn.—l | = .—-—1
:-a"—i—Z(Ck__l—!- a4 b = a” 4 Y Cha e b = ch" i

k=1 k=0

‘(8 npotiecce BEIYMC/EHUSA Mbl NONONUIN | =k —}— 1, saTem nepemenaym CYMMHpOBaHHﬂ ! 3ame- _
- HUJIK Ha k H npumeHnna (6. l)) ' : C _ ]

:Cne_gcmue ,6.1_._4.

1y L 2 : : T,

_-(a1+a2+..-+ak)_— . SR mazl..oakg.
,ﬁ:ﬁh---:"k?ﬂ : 1.- 2 k* :

ritred...Frg=n '

- .CJ_IenéTﬁl_!é 6.1.5.
C°+Gl+ +C“ chmzn
k=0
Hepsoe doxaaameﬂbcmeo Honomum e=1nb=1s 6HHOM& Heiotoa. i

Bmopoe aoxasameﬂbcmso Paccmorpum BCe l'lO,[lMHO}KECTBa MHOXKeCTBa {1 2,...,n}. ,U,mi
Kaxmoro ﬂOﬂMHO}KECTBa A 5TOrO MHOMECTBA BBeneM xapamepﬂcmqecxyko (byHKumo
X4: {1,2,_.,.,11}_ = _{0_, 1} :
A9 i=1,2,...,n NOJOXKHM , , .
IR R U ' e 1, econi €A,
(8 = _
0 uHaye.

“flcHo, uT6 hyHKuuA XA OAHO3HAYHO ONpe/e/IfeT NOMHOKECTBO A. Uucao pyakiui x4 pas-

Ho 2. CllefloBaTe/IbHO, YHC/AO BCEX TIOAMHOMKECTB MHOXecTsa {1,2,...,n} paauo 2™, PazoGbém

BCE [I0/IMHOKECTBA 3TOTO MHOXKEcTBa Ha MOAMHOXKECTBA, cocToause B3 O sAeMeHTOB (HYCTDE'

NOAMHOXECTBO @), H3 1 d7eMeHTa, M3 2 3JIEMEHTOB,..., H3 N 3JIEMEHTOB (BC& MHOKECTBO
{1,2,...,n}). Y¥cno TaKHX NMOJAMHONECTB COOTBETCTBEHHO GfJ CL, Cff, o G,':. [Toatomy

Sa-r a4

Cuen_c_f*_ﬁg.:‘xref 6.1.6. L _ o e
SSDrCE=(t+(=D)"=0.
k=0

3ameuanue 6.1.7. Uucaa C* taxike HasbiBaoTei GHHOMHaJIBHBIMH KO3(hHIHEHTaMH.

e
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”5)_i

3apaua 6.1.8. Jlokaxkure, yro:

Ck = ZC“ Ck- i (cBépria Baumepmonpa, roxcectso Komm), rae 09 = 1, ¢7 = ¢

i=0 ! -
npH g > pCT=0(geN p> 0); HIH Ke MOXHO MOJIONHTE k < min(m, n),
= E Ci_.C3. 0<m — 1. B wacruocr, O = Z( )2,
J=0 =0
n |
2 = ;.
)__ 1Z;;z+1 . n+1

- 3) i kCF = non-1,
C k=0 - L
4) 32 RCE = n(n + 1)2v,
- k=0 o o

=
j= 5,.1_1' 'n+1

"'._6) 2( Z1)n- "22"C2+k~—2n+1

7) E( 1)k+10kkn ( 1)n+1

: 78) TOXIecTBo ABess

1(m+y+n§ | ZC"‘(:E-I—ka)"‘ 1(y+(n k) )“‘k .

RIPIC L el) D R

k=1 2o

10} 6unomMuanbHoe o6paluenye

Uy = kZC Uy == U, = Z( 1)“"‘0"1},;,
=0 k=0

11) GunoMMansHEM Koatpcpnunemam C¥ moxwo pam, CACAYIOILYIO reOMeTPHYECKY IO HHTEp-

‘npeTanuio, PaccmorpHM MPAMOYTOJIBHYIO CETKY KBanpaTos pasmepa k x n (waxmarHeii
ropo,a, COCTOHLLLHH H3 kn KBapTaJIOB paSAEHEHHb]X k=1 FOpHSOHTaJ]thlMH H.n -1
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MH OI‘(__J YJIeHA!

BEPTHKAIbHEIMH YaAHHAMHK):

A(0,%)

B(n, 0)

(3necs k =3, n = 5). Toraa Covr = CF, —uucno Pa3/iMuHbIX KpaTuaitinx mna stoi

- CeTKe MyTedl H3 BEpXHErO JIeBOro yrama A0, k) B upassift naxHu yrox B(n;0) (npu
YCJIOBHH, HTO paspewiaeTcs NPOXOAHTS HO yacT MepHMETPa <ropofas);
12} Bce wncna Cl...,cr1 (n >1)
a} AedsTes Ha npocToe 4ueno P TOTAA 4 TOABKO TOrja, Korfga n = p’“;
 6) menmres Ha n TOrAa u TOABKO TOTNA, Korja N ~= [IPoCcTOe YHeno;
13) .;Z:(Cn) k=3

M) ecm 1<k n— 1, 10 (O,'f)z_ 2 C;,If—ic:lf'i'lF

) L (GOl = ¥ CECh,, S (ClP.
k=0 : L k=0 .. =0 - . .

' Vnpaixuesine 6.1.9 (M‘Hor()qﬂeﬁbl Yebbrnéna). Hanomunm dopMyary Myaspa gast kom- )

IIKCHEIX Yucen (p € R, n e N) - _
N o (cos ¢ + i sin )" = cps(htp)hi— z';sin_(mp).

Hpumenss 6unom Huiotona, NPHPABHHBAA jieficTBHTEND

Hble H MHUMblE YacTH ¥ 3aMenss
sinz = 1 — cos?z, mas cos(ngp) nonyyaem BhIDAXKeHHe - B -t

éos(ngb) = cos™(¢p) ~ CH(1 ~ cos® ) cos“‘2 @+ Ca(1= cos? p)? coé“r".4 ot
Muoroynens - - ' g R
Ta(z) = 2™ — C2"%(1 ~ 5% ¢ Caz" (1 ~2¥)2 4., = Z'Cﬁf 2" M (2 - 1),
) . ) o Y B - )

rie [n/2] — uenan vacty' uitesa n/2, wassiBaores MHOTOYIeHaMH YeGbinéna (nepBoro popa),

7 €N, npu n'=0 nodoxum To(z) = 1. Hanpumep, -

Ti(x) = , Tz(:i:) =02 1, Tiz) =443~ 3z, Tylz)= 8zt — 8a? 1,...

Eenu z € [1,1), 10 B ‘ o :
. T,(z) = cos(n arccos z).

[Toxkaxure, yto; ' o
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1}
Tu(z) =

(:i:+\/:z:2—1"7+(:1:—\/3:2l—1"_
: 5 ;

2) muorounen T,(z) MMeeT n Pas/IHYHBIX HeHCTBHTeIbHbIX KOpHeil

2k—-1 -

T = €08 ; o T, k=12,...,n, a:ke(—l,.l),.

KOPHH T pacnonox{enm CHMMETPH‘-IHO OTHOCHTENBHO TOYKH O
3) xoecpqmuueﬂ'r l'lpld CTapmen CTeneHH " MHOFO‘-IJIBH& T (m) paBeH gn-—1,

4) MHOTOWIEH CTeNeH  n (n € N) co crapuum Koatpcpxu,nemom PABHEIM JHHHLIE, HAMMEHee

1
YKJIOHSIOIuMIACA OT HYJIS Ha oTpeske [—1,1], onpeﬂ,enea OZHO3HAYHO M paBeH o —1Tn(z),

TAe YKIOHEHHe OT HYIA MHOrOuJeHa Ha OTpeske — 370 Hauﬁo.nbmee ‘3Ha4EHHe MOJyJA
* MHOTOYJIeHa Ha 3TOM OTpe3Ke,

5) Tn..}.l(il?) =21 - T (SL‘) ,-., 1(2?)

6) npu m > n
Tonin(@) + Toaon(2) = 2T (z)T0(=),

. B JAaCTHOCTH, -

2 T@) = 3 (Toss(o) + Toa(&)), * Tonle) = 21269 —

7) npaneN o o o
Vo (=) st a3y,
T“(I)__1’3-5---(2n—1) 1_"‘?2355((1"‘""2) ):
8) '
2ta¢+1 anﬂT w(t)-

(npousBogsitias qonyuHﬁ)'

9) T (Ta(z)) = Tu(Tm (:c)) npH |z] < 1 571 Besmuunb paBHB! cos(mn arccosa:)

10) RHCKpHMHHaHT ,
DT =2t (n 3 )

11) .
z 1 7 0
2 12 .
S | = e Tale)
o 1fe).
0 1/2 @




i
[ S —

 A—

"20) mpuneN -

Irapa 6. [lpunomenue: GHuon Hbiotona, tpeyroashuk Mackans u ClIEUHANbHbIE KOMBHHATODHEE YHCAA H

MHOIOY/16HB]

MHorousienst L
U (a:) = "‘_!_—1‘ T’+1($)

HA3BIBAIOTCA MHOTOWIIeHaMH YeGbiwéra sToporo poaa, n=0,1,2,.... Hanpuwmep,

U(#) =1, Uilo) =2, Up(z)=da® 1, Us(z) = 82° — 4,
[Tokaxwre, uro

12) prze[-1,1],neN
(z) = sm(ma.rccosa:)
_ifz) = TR

sin(arccosz) ’
13) '
Un_l(m)zC,ia:"“_l—Cg(luw) R o R L
14y e S
Unle) = 1. :(J.—_sls)n(n(;ﬂ 1) -1_,1;2 dinn ((1 -2 +17);

15) Bce KOpHH MHOTouseHa U, (:r:) Jexar BHYTPH OT}JESKa [-1, 1]
T = COS ———

=120
n+11 1} bl !n

16) ecsH ymoaeﬂne OT HYJISl MHOFOUJeHa f (a:) Ha 0Tpe3Ke [ 1,1] uaMepaTh KaK -

/ one.

10 MHOI“O'—[J‘IEI—E cTeneny 1 ¢o crapmum Koaopqmuuemom 1, nanMenee ymoamomnncz oF
Hy.nﬁ Ha oTpeske [-1,1], paBeH

1) e e : 5
| . (HWM (o= VT
Uele)= BT - B
18) L
' o1 e h,
27— %z + 1 “;U"(ﬂ'm T
19) .rxpnrne.-N_ | . | | S
O Bu@Se R@ (- aaey

Ta(@) + (1 — 2 U2 (z) = 1,




" 97) npunEN, € -1, 1]

[
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21) npuneN _

Upp1(z) = 22 - Up(z) — Un_i(z);
22) npuneN |
- Un(z) = & - Up-q{z) + To(z);
“23) npuneN-
7 2Tn(x)Un—l (33) = Uspy (:B),

24)

A 1
) Ti(z) + Ta(2) + ... + Tans(2) = SUpn-a();
o - 2(1 = 2?)(Uolz) + Ualz) + . .. + Uza(@)) = 1 — Topyalz);
26) o |

2(1 —Z )(Ul(ﬂ’?) + Ua(.?}) +...+ Ugn_l(x)) =T T2n+1(55)

m (mn L U@ < ?’"* L

,[[Jm m,n G OUN nonmxnm

- (Tn(e), Tu(a)) = / -—;m_\/%ng(mm(x) s, (Unle),Un(@) = [ VI (a)U0(z) do

IMoxaxuTe, yTo:
28) , )
o _ (o, m s, (e ‘

- (Tle) Taw) = {1/2 m=n#0,  (Un(s),Un(a)) z{ . m#n,

9 m=n;
o \lw, m=n=0, 'n'/., m=n;

' {Tk( ) | k= 0 1,. ,n} {Uk(:c) | &—-0,1,...,n}— 6a3ﬂcm MHHEfHOTO 1IPOCTPAHCTBA
Aenc'mmenbnmx MHOTOU/ICHOB CTENIeHH He BHILIe ueM n;

30) ecim (a;l,yl) —HaTypa.anoe petleHue ypaBHeHHﬂ Henna 22 —my? =1 (m € N, m ne
ABJIAETCH TOUHBIM Kaaﬂ,pa'rom) 10 (Tal(z1), 21Un—1 (z1)) Takxe Harypammzoe pellieHue

5TOTO ypaBHEHHH,
3l) mpuz,y>1 :
_ S T()Twmw

32) ecau B HHTepHOJ]HILHOHHOH q)opmyne JIarpaH}xa {cm. Teopemy ??) 10M0XKHTh

(1—1)

CC[ = COS
n

1=1,2,....n




[Toxaxire, uro - -
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(ynu mHorownena YeGsnuéna T,,(:c)), T0

P =13y, \/ —afpa) 2,

L.-l

.ECJIH}KE l
= [=12...
I = CO§ —— +1 | L2, N

(Hymi MHOTOYJIeHa T—Ieﬁmmeaa Un(z)), 10

Pl)= 12( Yot e Ual)

l"-l o R :E;

o anamnenne 6 1.10. MHOI‘O‘JJIeHbl BpMHTa H (a:) c*reneuu n MO)KHO OHPEILEJIHTI: cnep,yio- '

LLHM 06p33om

o2tz _ i H“(q:)t“

. ,n! : . ‘
. - n=
o 1 1¥n(n =1 1
H,,(w) — (2:1:)“ o n(n’ )(23:)11— . + ( ) ﬂ'(n )kl (n 2k + )(2 )n-2k .
| Ho(x).—l, )= Hyz) =da®—2,... '
qua}i_m"re; qTo | .
'-Hn+1(3: —2xH (:c)—f—2nH _1(:1:)
' "H'( )= Zan._l(a:) -
)= (e e
g, - - : m%n,
fH (:x:)H (w)e d:n—— {an‘\/_' -
Muorounens Jlexxanznpa P,(z) créness n MoXHoO 'orlp'eﬂ,eﬂ'mb KaK
. NP
s o e
f(@n—2k -1 | o
Pio) = E( -1 2’=k!(n_e ST
Po(z) =1 P() E; P(zr:)——3-.:r:2—l :Ptm)--iw?’—?- .
0 =], 1) =%, . Io —2 - 2, i —-2 21:,..‘.

(nt DR '~'<2n + DoP(s) ~ nPus(s) =0,
P) = g @ =




PR,
S

6.2. TpeyroasHux [Tackans _ o o 7 _ 227

! : 0, ‘m#£n,
f Pz} Po(z)dz = 2 _
— m=n
-1 2m + 1

Muorounens! Jlareppa L, (z) crenend n MoxHo onpe,ue.uwrb KaK

—ZL@

n=0

Ld@:l,lﬂﬂ_Qﬂ+1 Lg)hz-4x+2

[lokaxute, Yro
&wﬂ) @n+1—@ ()+anﬂﬂ=
RICEL ”@ay;uﬁ
/ e L (W) m(z)dz = { " ™
0 .

(nh?, m=n.

6.2, Tpeyroanruk Mackans

s (6.1) BriTekaeT Cilefiyiolilee NPaBHiI0, NO3BOAAIONIEE BEICTPO BEIYHEATS GHHOMHAJBHBlE

KO3 (GHHUUMEHTEl NPH HeGOMBIIKX 1 i k (Tpeyrosibuuk TMackans):

qHenz Prbonayan

" -1 __‘-1 ‘_.’2 ',Sd..'»s -8
. (T~ - e T T =T
n=0 B e
_ﬂ=1 '/.Pl’ ,—”,’ "-‘w—“
- //' ’/’ .
L on=2= -2",1 -
n=3 N |
n= 6 . B o
i , (6.2)
n=5- >< .
n=6 1 20 1
n=7— 1 \ 1
n= 1 . 8 0 8 . 1
NJHaTYpansHbe YHena

ONTPEYronbyse lmc.na

TeTpas pal‘leHE YHCNA

Ha BepH.IHHE H Ha GOKOBRIX CTOPOH&X 9TOT0 5ECKOHE'-IHOI‘O TpeyroanHKa CTOHT eILHHHI.lbl
4 Kaxjoe H3 OCTANbHBIX YHCed paBHo cyMmMme ,I{BYX lIPICE.F] CTOHI.HHX Hap HHM CJ']EB& H Crpasa
B HPEILEHECTBYXO].LIEH CTpOKE T})EYE‘DJ'II:HHK CHMMBTPH‘IEH OTHOCHTEIHHO BEPTHKGJH:HOH OCH,

npoxozAuieii yepea ero Bepuliiny. Ilo ropusonTanbHbIM CTpOKaM 'rpeyroanHKa Hacxanﬂ CTOAT
- BHHOMHAAbHbie Koadduuyents C¥ (8 n-it cTpoke):

PaCCMOTpHM HEKOTODbI€ COOTHOWEHHA B Tpe)(I‘OJIbHHKe Hacxanﬂ ECJIH Bbl‘-IHCJ'!HTb CYMMBI
KB&,!IpaTOB 3JIEMEHTOB CTPOK, 1O HONYYHM . B : :

P=1, 1*41°=2 1*4+22412=5,
1P4+3+34+17=20, 12442 +6*4+42+12 =170,

e e
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TO eCTh IJICMEHTDH! BepTHKaJIbHOI‘:i OCH.

Ynpamnenue 6.2.1.

T
1) Mokaxure, uto Y (CEY = Cy,.
k=0

Yxaazarne.

a) BocnosbayiiTech METONOM MATEMAaTHIECKOH MHAYKIHM;

6) C%, — 3TO YHC/IO BCeX TOIMHOMECTE H3 N 3JIEMEHTOB MHOMECTBA {1,2,...,2n}. Kpo-

me Toro, {CF)2 — 3T HHCJIO0 N-3JEMEHTHEIX NOAMROMKECTB MHOXECTBA {1 2,...,2nk,
n ) 1 ¥

KOTOpBIe COHEpIaT PoBHO k 3J/ementoB MHoxectsa {1,2, ...,n}. HeficTBHTEABHO,
AHCIIO TIOMHOXKECTB H3 k onementos MHoxectsa {1,2,...,n}— 310 Cf, a umcno

[ONMHOXKECTB U3 1 — k 3/eMenToB MHo)eersa {n+1,...,2n} = 10 Cr-k, nostomy -

4HCJI0 PACCMATPUBAEMBIX TOAMHOXKeCTS B {1,2,...,2n} pasto Cyf - Cp~F = (CE2.

2) JlokaxKuTe, 4TO ONPEACAHTENb MATPHLLLL, COCTOAEH H3 n? 3/1eMeHTOB, CTORLIHX B JIEBOM
BepXHeM yriy TpeyroaouHka [lackanst

11 1

12 3 ..
13 ...
1 ‘.

paen 1. Bonee Toro, ecin Bripesath M3 TpeyrosibHuka Ilackais Takofi KBajpat, 4To
ero nepsasi CTPOKa (mepsuifl cToABel) paclonokena Ha MepBOfl CTPOKe TPEYTOJbHHKA
[Tackans (Ha nepBoM cTonGUe), TO GNPEALTHTEND TaKol KBaJApATHOK MATpHIlLl paBeH 1.,

Ecau B Tpeyroashuke Ilackans spi6pats Kakylo-jinGo auarohans, napalieibHywo npaBoi

CTOpOHE, M PACCMATPHBATL NOCIEJ0BATE/EHO CYMMEI IEPBOFO 4 BTOPOT0, MeEpBOro, BTOPOro H
TPETbero 9JEMEHTOB, ¥ TaK Jajiee, TO 9TH uKeaa GYAyT PaclONOMEHb! B TPEYTObHHAKE acka-
/st COOTBETCTBEHHO TOJL NEPBHIM S/EMEHTOM JHArOHaJH, IOfL BTOPHIM, 1 TaK Jaiee. Eeau Mbl -
_ HaYHEM 9TOT IpoLece ¢ NPaBoH CTOPOHEL Tpeyro/IbHHKA, TO TI0JY4HM JHATOHAVIb HATYPA/LHBIX
“gitces1, [IpUMEHUB 5TOT TpOLECE K AHATOHAJM HATYPANBHbIX HHcel, TIONYYHM AHATOHAIb TPe-

YIONEHBIX YHCE, A PACCMATPHBAs AHATOHAD TpeyroAbHBIX YKHCeJ U IOBTOPSAA HaMly NPOLEAYPY,

| [OAy4MM JHATOHA/b TETPasApa/bHEIX HHCed, Y Tak janee..

Chefyloige ynpaxKHEHHe YTOUHACT, KaK HMe

HHO BLIYHC/SIOTCA YMCHAA B PaccMaTpHBaeMOil
Yupasiterie 6.2.2. Toxaxure, 410 'ZOCR i =Gk
Yipannenune 6.2.3.

1) Tlokaxure, uTo B Tpeyro/byke [lackans Kaxpaoe YHCO PaBHO CyMMe HHCEN B npsamo-
yrobHuKe, OTpaHMUEHHOM NPOXOASUAMH Hepes TOUKY A AHAroHassiMU, Napa/Ie bHbIMK

" cTopoHaM TpeyroabHHKa Ilackans (mpu 5TOM 4HMC/a, CTOsLE HAa 9THX AMAFOHAMAX, HE

YUHTHIBAIOTCA), nm_oc 1 Hanpumgp'_, CM. pHc. _(5.2), ,

- 56=(7-1+2+3-2+4+6+5+10+15)+1.

e e g

SRR I R T
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2)

TpeyrosibHbie YHCIA
- 1, 3, 6, 10, 15, 21, 28,...

' [OKa3bIBAIOT, CKOJABKO LIAPOB COAEPIKHTCA B TPEYTOJLHHKE: 1-€ TPEYro/bHOE YHC/O PABHO

3)

YHCNY IAPOB B TPEYToJbHHKE U3 4 CTPOX (M PABHO uMeay wieHOB TpeyrosibHuka [Tackans
B 0-, 1-H,..., (i — 1)-# cTpokax, BMecTe B3ATHIX).

‘Te'rpaanpanbame YHCIA

1, 4, 10, 20, 35, 56,...

TIOKA3BIBAIOT, CKOJILKG MAPOB MOTYT GBITh Y/OXEHBl B BHE TPeyrosibHoi nupamuubl (i-e
TeTpaspalibHoe YKC/A0 — YHC/IO [APOB B TPeyro/ibHOR MupaMuAe, peGpo KOTopoR comep-

' JKHT i 1IApOB).

anaxme!me 6. 2 4 (lmc.qa (Dnﬁuﬂamm)

1)

Ex

_m

e

5).

CyMMbl 4HCeJ1, CTOAMHEX BI_LOJIb Bocxop.aumx AyaroHaaen TpeYI‘OJIbHHKa Ilackans, obpa-
3YI0T [OC/Ie0BATE/BHOCTD YHCe PuBonayuu :

ﬂ123531&a$A

KDTOpaﬂ MOKET 6h1’1‘h onpe,ueneHa }’CJIOBHEMH

fléi: f2"‘1 fn - fn—-l“rf‘fn_z- ”

‘iucno (Dnﬁoﬂaqqu fn+2 coananaE'r c qncnom cnocoﬁoa pacnonon{eunﬂ B nocnep,osaTenb—
HOCTB 70 cumaonon 'KaX[BIA 13 KOTOPLIX paseH 0 MK 1, IPH YC/IOBHH, 4TO NOCAENOBa-

TeJleOCTb He co,uep}f(m ABYX HYJ’IE‘.H l'lD,T.LpHA

Ecin Tpeyroabauke [lackais cTepeTh c/eBa HyJ/e€BYlo AuaroHab (cTopoHy), T0 Ha
BOCXOAALIMX FHATOHAMAX OCTaHcha yxcAa, JAIOLIMEe YacTHYHbIe CyMuH psula Cbnﬁonaqqu

1=1, 1+1=2, 1+1+2=1+3=4
' 1414243=3+4="7,....

Zfz fn fn+1

i=1

Yucna Prbonaydy BOHHKAKT TPH PELICHUH 3ajlaiH O PA3MHOKEHHH KDOMHKOB. ITycto

napa KpOJ‘]HKOB nomemeﬂa B PIBOJIHPOBHHHBIH ‘34roH # ‘«IEPES MECﬂ[{ napa KPOJIHKOB HPOHS-_-

BOJHT Ha CBeT ﬂpy[‘yl{) napy, H MOTOMCTBO napa KpOJIHKOB ,qae’r co BTOpOI‘O MGCHU,H noche
CBOEro pO}KABHHH Hoxax{me, Y10 l'lpH yCJIOBHH yTo Bee KPOJIHKY ocTalTCA }KHBblMH

'YHCJIA TIAP KPOJIHKOB B KOHue KaufI0r0 13 MECHHEB oﬁpasymT HOCJIEILOBaTeJleOCTb qHCel
: q)HﬁOHa'-['{H 1,2, 3 5, 8

6) IIyCTb HMEIOTCH NOYTOBHIE Mapxn ,uoc*rouncmom B 1 py6 H 2 py6 H Heoﬁxo,uumo ompa-

'BHTHL GaHMepOlib, 32 MEPECHIIKY KOTOPOH HAaA0 3amnaTHTh n py6ued (n > 3). CkonbKHMH

paBJlH‘{HbIMH cnoco6amu MOXHO HAKJ/IeMTh MapKH B OJIHY JHHHIO TaK, l!'I‘Oﬁl:nl CyMMa CTO-

) HMOCTE‘.H Mapox COCTaBHJIﬂ 1 p}'6H8H (IIBE JIHHHE C paSHbIM HOPHRKOM MapoOK CYHTZIGTCA

paSJ"lH'{HblMH)

OTne'r. Yucao cnocoﬁon paBHO j
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7

8)

10)

“11)

_ KaHCKOH MHJIE PABHO 1,609344,

TMokaxuTe, 9TO JI060E HATYPANbHOE YHCJIO MOMET GHITh MPENCTABJCHO eAHHCTBEHHBIM

00pasom B BH/e CYMMBl PAas/IHUHBIX YHCEN (I)HﬁOHal!LiH TaK, 4TO B 3TOH CyMMe HET ABYX
HOCﬂe}:LOBaTeJIE:HbIX unce (Dmﬁonaqqn

fn ] . . i . - 1+ \/5
f — HONEpeMeHHO TO ﬁom;me, TO MeHbBIUE <«30JIOTOrC CeuyeHUA» _—,
n+1
CTPEMHTCH K 6ECKOHE‘IHOCTH y‘lﬂThlBaﬂ YTO TOHYHOE YHUCJIO0 KHJ'IOMETPOB B D,U,HOH amepn-
1+v5
—g = HOHY‘-I&EM, uTo paccmﬂﬂng B fni1 KHJIO-
METPOB HOBOJIBHO 6{[1‘13}(0 paBHO paCCTOHHH!{) B fn MHJB.

Ornomenne

Popmyna Beprysim—Bune:

(cM: Takxke 7).

()

2
AL AP P WV S o
- . . . . =Jn = e . - -
Kaxuoe TpeThe uucso Qubonayuu fesntes Ha 2, Kampoe vueTnéproe —Ha 3, Kamjoe
11sT0e — Ha 5, KaXIoe mectoe — Ha 8, H Tak Janee (AennTenu 06pasyioT MOCIEAOBATENS-

" HOCTb YHCEJ. (DHGOHaqu) fo-BemMTCS HA 7 TOZa M TOJILKO TOrAA, KOTAa 7 AEHTCA
Ha 8, HO HH omio u3 uncen PuGOHAYYM He ABJIAETCH CTENEHDLIO uncsa 7; He cylLiecTByert

He4&THBIX YHCes duborauun, geasmaxcsa Ha 17; echu poCTOE YHCI0 p uMeeT BHA SEL1,

TO fp-1 AGJMTCA Ha p, €C/H p UMeeT BUA 5t £ 2, To fy41 AeanTed Ha p; ecau p— npocme _
queno, p#£2, p#ESH V5 H3BJIEKAETCH B P-aPHPMETHKE, TO fye-1(p..1) ACHHTCH HA P as
060ro HATYPaXLHOTO YHCAA m cpefu nepssix m? — 1 uncen PHGoHaYuH HaiaTCA XoTa

OBl OEHO, AesfALIeecH Ha .

12)

1)

“14)

15} |

16)

Has noboro LieJIore YHesa m cymecmye'r GecKOHEYHO MHOrO YHCeJ (I)HﬁOHa‘i'-IH fiens-

LHXCH Ha mn, npmeM o KpaHHeH Mepe o;mo Taxoe YHCJI0 — cpenu m? nepebix uncen
Cbnﬁoﬂaqqn :

CoorHoteHye Kaceunu:

| fn-}-lfn;-l *.fr? =(___1)n

Sorm = fafumir + ftfu g} P2= fufurts 24 T2y = fonors

HOI(fm, fn) = fuongmm). B yacTHoCTH, H3 noc/etoBaTebHOCTH uHcea CHEOHAUYH MOK-
HO BBIEJIHTb OECKOHEUHYIO NOC/Ie/0BATEIBHOCTD ¢ NONAPHO B3AHMHO NPOCTHIMMK HYHC/AAMH,

JleMma MarusiceBrua: npy n > 2 4Hea0 fr, KpaTHO f2 TOrma M TOJILKO TOTHZ, KOTHAA
M KPaTHO nfy; fmni1 — fah1 AGAUTCA Ha [

e
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17) Tlpouseoanaimas GpyHKUHS NOCHEAOBATENBHOCTH UHCE] PuboHauyu:

= ‘ z
anz“= 1—2z—22

n20

B Kosiblle (hOPMAVIBHBIX CTeneHHHX pajon (amecs fo = 0).

f 42

1 1
18) n-sramuas lefiHas Apobb [1;?,...,-1—] paBHa

1-1£ L | .alaﬂa\/g—‘;1
il! 11-.-511"' p \2.

fn+1

19)

 TlokaxcuTe, uTO |A| frs1 — (n+ 1)-e uncao DuboHALH.

Ynasamle Bocno.nbaymecx: pasnoxeﬂnem onpeuenmenﬂ no nepaon cTpoKe.

231

. Beckoneunast nemsas Apo6b

20) H)’CTB
: 1 00 . 0 01
0 1 0 0 01
po|1 11 _0 00| ey
0 00 ..-1 10|
0 00 -1 -1 0
HOK.aH{'HTe, 470 |F .I = fnén-e yneso Dubonauuy. _
Vxasanue. Uncaa ¢H60Haqqn fl, .; fn ONHOSHAYHO 33[AIOTCH CHCTEMOH - IMHEHHBIX
ypasﬁeﬂnn S - ST e
I 1
F. : =10 1
Iy :
Aot
yitd o
1 00 0 00
-0 10 0 00 o
F=]-1 =11 S0 0 0 eMu(Z),
0 00 .. -1 ~11

R =1 dopriyna Kpamepa fas T, fiaét TpeGyeMbiii peayabTar. |
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MHOFO';J]’EHN
21) locnefosarensHocts wucen PuGOHAYUM NepHoAMuecKas TO JoGoMy Momyn m € N,

Harpumep, paxHa nepﬂo,ua I{JIH m = p =2 pasHa 3, Jas p= 7 paBua 16, a gas p = 29
- paBHa 14.

22) [ycrs f,,k — 4HCNO MOAMHOMeECTB MHoXecrBa {1,2,...,n}, cocTofmux #3 k 3.1eMeHTOB
M He COZepKALIUX HH OAHOH Maphl nocjefoBaTesbHbIX YHces. Jlokaxure, 4o

fn k= n—k-l-l +

3 fak= fn+2

k0.
30 0, 31—1 3:1 3n-2+3n‘—1-+'fm n>1

Tlokaxwute, 41O

3 3 Yt Ofydnfa
n = 5 <

- 24) Hy’ériﬂd*:’* 9, b= 1, Iy =3, Tnpe = Lugs + b (diiesia JIoka). [Tokaure, 4ro

Dily=faat fn+1:

2) -f2f1 - faln k
3) 2fxin = fin + fobii
, :4) Bfn = ln+1 + ln«-—la

'5) 5f2n+1 = l2+1 'H

| 2__ L
6) E lk:n —_—— (nponsaonﬂmaﬂ tpyHKuHﬂ)

. k=0 —& - : :

7) nycThb fnk—qucno NOAMHOMECTB MHOMECTBA {1 2,. ,n} COCTOAUIMX W3 k 3Je-

MEHTOB, He COAEPXKALIMX HU OHON HapPH! NOC/NEAOBATE/LHBIX 4UHCEN, 2 TAK)KE NapHl
(1;n). llokaxkure, uro

nCk_,
fnk - k? .
n.;—-_z_f;,k_,.
k20
25) i Zarctg
=l Font1’ _
171 I | 1
26) ~—+—++...+t7—+ =1
_ ) ffs  ffa faafn o faeifn

27) Hycrrb:ak = fornn ) ke N‘._Toma ay = 3, apyy = G,ﬁ — 2,‘ nz 1..

S
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28) Hucno waros 8 anroputie Epkaupa pun Haxoxpenns HOM(fp 0, fn+;) paexo n. Bonee

Toro, ecii N € N, ¥ N > ab > 0, v anropur™ EBxkanaa jienaerT MakciMajibHo Bo3-

- MOXHOe uxcso waroB A HaxokpaeHus HOH(a, b), To ecou f, — MakcuManshoe GHeIO

- Dubonauun Takoe, 4to f, KN, 0 a = f, b= f,_; (reopema JIama), skBuBancHTHAs

popmysnpoBra: nycts a,b € N, a > b n ¢ — HaUMeHbLIee BO3MOXKHOE YHC/O, TAKOE, Y4TO

anroput™ Eskaupga cobepiuaeT n waros mas Haxox{p,eﬂua HO/I(a,b), Torpa a = f,,s,
b= fn+1 HEHPHMEP (HPH n= 5) fr=13, fo=

13—-1 8—1-5 -
8=1:5+3,

5=1-3+2

3=1-2-1,

‘2=2~1.

- 29) (6ECI{0H€:'-[HOE CJI0BO Cbuﬁoﬂaq‘m) Becxoﬂeqﬁme cnosa or 0 u 1—5?0 cosa BHAA

dyag..., roe a: N — {0,1}, ¢; = a(i). Koneunoe nopcacss aauupt k TaKoro cnosau—
'9TO CHOBO BHAA 41f14]...0Quk_1 AJA Hexkoroporo [ € N. [Toaokum F_1 =1, Fp = O
By = F,-1F,.9, n € N. Torga F,, gasmipaercs n-m c.nosom @HGOH&'—!‘-IH aF = lim F, —

n—oa
6eCK0Het{HmM caosoM Prbodauy, )

F = 010010100100101001010...

Ilyers |G| — pauna koneyHoro caoma G, coc*roauxero u3 0 u 1 a h(G)—KOJ}H‘{ECTBO'

"e,n;anu B ¢J0BE G Hoxa)xmé q'ro

a) ]F I = fﬁ,.}.z, h(F; ) fm  Jist cpyHKuun HaK/IOHa

_ h(G)
HMeeM. . - :
W(Fn) B fn-{-?,,
(F) ’}_}‘3.1011-(1:1“)“—];:[0)%)%!%1]1
+ f
r,ae T =

6) umcso pasnuqﬂmx no,a.cnoa AJHHB 7 B ciioBe F' paBHo n+ 1
8) nycts p{0) = 01, (p(l) = 0. [Tokaxwure, uto (F) =

' T) CA0BO @y -+-a;, HA3bIBaeTCA conpﬁ}KéHHblm K bnOBy ayay, eCaM i = off),
1<K g nrae o= (12, ) € S, 1 <1 < n (caosa, conpﬁmeuubxe K &Jio-
BY @@, — 3TO BCe CJIOBa, nonyqamnmeca <IIPOYTEHHEM» CHOBA @y -+ -ay; 381K-

CaHHOTO MO KPYFy, HauHHas ¢ M0G0l NOSHIHK B TOM e HanpaBJ’IEHHH B KOTOpOM
3aMUCAHO CJIOBO ap -+ - &y). Bee conpnmeuﬁme CJIOBA K CJIOBY @y - * * @, HMEIOT BHA VU,
- TAe u, v — HellycThle CJO0Ba, a; - = uv. [loxaxnre, uro Bee noacnosa crosa F
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puEbl [Fy|l = fata, KpOMe ORHOTO (STO CJ/IOBO HA30BEM ocoGeHHEBIM), COTIPAKEHH
c Fn, a BCE caoso F sBasercsa npoussesienvem cioba 01 u 0coOeHHEIX CA0B:

F= 01(00)(101)(00100) ceed
- n) cnoeo G =ay - -cin Ha3kiBaeTCs ﬁanumpomom (ﬁepeﬁ'épmujem), ecau
anan_l ceey =Gy Gpeiln = G
IMokaxute, uto Auis Joboro n € N 6eckoHeyHOe CJOBO Pubonauyu F' COARPHKHT

B KayecTse NOZC/OB pOBHO o,u;uH nanuﬂnpom ,rumnbl 2n W POBHO ABa nanﬂﬂﬂ,poma
,nmmm 2n 3 . - : :

_30) (MHoroqneHm Cbuﬁonaqqn u J'[;oxa) MHoroqneHm Cbuﬁonaqqn Fn(:s) € Z[a:] 32/210TCs

yCJIOBHHMH

Fols), R@=1, n+1(93) —5.F, (:c) + F _1(3:) neN.
MHOI‘O‘{HEHI:I JImKa onpenenﬂmcs; yc.nosuﬂmn _ |
) Lg(m)—Z Ll(m)m-:c, L,H.l(:c)—a:L (#) + Loa(), nEN. R
| Hénéumep, 7
| R@=0 FE@=1 Bk mu, Fys) =1+,
Fy(z) ==2°+2z, Fi(z)= ot +82% + 1, Fy(z) = 2% +45° + 3;

o LO(ﬂ?):? Li(s) =2, Lz ) = 2 +2 La(:c)—x +3:r o
_L4(m):a;‘f+4a:2_ +7_2 Ls(ﬂ?)‘_iﬁ +53: +5$ Ls(m)—-:c +63: +9z2° -i—2

A Hoxamme tno '

a)npnneN e |
L0 = For) + Foa®), (Fa(@) (@ +4) = Loa(®) + Lua ()
6) npun >0
.an(m):Ln(:B)-F(;n)g_ (L)) +(Ln+1(:c)) (F2n+1(a:))(a: +4);

o 'B) Fn+2($) +Fn-2($) (:c +2)F (x) npun 2

r) . - _ o '
E C R(p) = 1 s+vZrd\ [z-ViPi4 " _
e Em|Tr ) T ) )
. » VI P A A

i () ()
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e)

— Fn.;.l(’t':l'.)

n

rae U, u Ty, — MHorowient Yebbimépa (Toporo u nepsoro pofia COOTBETCTBEHHO);

x) (mpoussopsiLie DYHKIHH)

F(:I:,z) =

i Fi(z)e* =
k=0 -

Z

o U ?) = Zﬂ(ﬂa‘)z

i=0

—zz
—zz— 22

31) (MHoroq.ﬁeHb[ KOHTHHyaHTbI) MHOPO‘{JIGH K (:cl, :c-n) € Zlz,...

,Tn] ompesefsieTcs
CJIEIL}’EOIILHM oﬁpasoM C

Ko=1, Ki(z1)=12y1,...,
En) K -—1(-'51a . :mn—-l) " Zp+ Kn—2($1; iey xn—2)-

% . (-'51:

[HoxaxurTe, uro

2 ) a) Ka(1,...,1) = forus 4HC/I0 OHOUWIEHOB B K, (cuutan 1) PaBHO fri1;
6) MHOrO4JIEH Kn(a:l,. :sﬂ) MOXeT GbITh no.ﬂyqeﬂ CJIOEHKHEeM OfHOUJieHa 2y ¢ mz
- co, BCBMH;OJIHOLIJIEHE}MH,_I_IOJIy‘IEHH]:IMP{ U3 ) - To- - - Tp BHIUEPKHBAHHEM coce,qnux
nap z;x;y1 {(PH 9TOM MycToe /0RO — 370 1); : :
B) K’n.(xﬂ) e ;582: 1"-71) = K (mla Ta,. ;mn): )
I‘) Kn(ﬂ;l-: e ,_.’Bn) = :EIK' -1 (3:21 wn) + Kn 2(531 I )
 A) ecau anropHT™M EBK/IHAA HAXOQUT HauGo/bIIKA 06WKA JeuTeNDb YHCes M U N Yepes
! maros mocje BLYHMCJEHHA MOC/eA0BAaTeNbHOCTH YACTHHIX ¢y,...,q, TO 4HCAA M
u n— 5710 uncaa Ki(qy, ¢z;. .., q)d u Kia{ge, ..., a)d;
1 1 ) 1 . Kn-}-l(aﬂsala"':aﬂ)_
i E) ey T = K )
: ' a1 as’ ay {01, .1 0n)
%)
; ey 1 - 0 .. 0
; -1 'L‘g 1 0 ... O
D Koy, oo 20 |
| o Co 1
o 1
0 0 _1 mn

32) Iyems h(z,y) € Zlz,y]. Hokamute, uto A{fni1, fn) = 0 fas moboro n=0,1,2,.

. BTOM

H TOALKO B TOM CJiyUae, KOrfia MHOrou/en h{z,y) renuTcs Ha MHorouseH (z?~zy— y2) 1.

Tpynuoe yreepmaenue 6.2.5 (M. Kou). Exuncraentoe yHcao <D360Haqqn, OTVIHYHOE
or 1, ﬂB.ﬂﬂmmeeCH NOJTHEIM KBaADATOM — 3T0 f12 =144
' ) _' . - .
1 Orprrraﬂ npoﬁnema 6 2.6. CyuzeCTByeT JIH, 5ecxoaetmo MHOro npocmx quces Pubo-
Haqtm'?’ :

1 } ana)xnenne 6.2.7 (vucna Karanana).
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MHOIGY1eH Lt

1) Ecom, cniyexascs 1o UEHTPAILHOMY CTONBIY TPEYroibHHKa Hackans, us kaxaoro yuena
BLIMHTATH cOcefHee Clpasa, To TOIYHHM ROC/E/0BATeNBHOCTS yncen Katanana

{ea} =1{1,2,5,14,42,132,429, .. ),

1 . (2n)!
= n+102" ol D)0

2) Tlokaxure, 4o yucno Karanana Cn == 9TO YHCJIO PAZJIHUHBIX PACCTAHOBOK CKOBOK B mpo-
H3BENICHHH 133 -+ 1. Hanpumep: : ' '

7 a=1 (zz,); .
2 =2, (mi®2)ws, zi(2ams);
g = 3, (I1$2)(3?3$4), ] ($2($3$4)): .

% (_(552933)554), (($1$2)$3)?34? (951(??2$3))$4-

-3) Hycrs nau Bemykasi (n+2)-yroabunk. Yucno cnocobon pas6uenun Takoro MHOTOYTOMb-
HHKA Ha TPEYrOJIbHHKH ¢ MOMOILbIO COeIMHeHus BepiIHH MHOTOYTOILHHKA ¢ HCHO/b30Ba-

-~ HHeM 7 — 1 oTpeska (6e3 nepeceyeHuii) pasHo ¢n. Hanpumep, aas n =3 paccMatpuBaeM -
M +2 = 5-YyroNbHUK H n— 1 = 2 0Tpe3Ka COGNHHEHHS BEpILUHH. HveeM ¢z = 5 BO3MOXKHO- . -

eredr

E B‘ E A B
D C .. D C

| A A A
D c. D ¢ D¢

Ormetnm, yto ansan =4 CPEAH aHAJIOTHYHBIX KAPTHHOK

TNOABATCS M HOBLIE:

<

4) Yenosek uuér no «HIaXMaTHOMY» TOPOY PasaMepa n X n 3 TouKy A(0,0) B Touxy Bi{n, ny -
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5)

6)

"

8)
9)

- " 10)

11)

12)

(na pucynke n = 4):
' B(n,n)

A(0,0)

-HO o ,H,Hal"OHaJIH ropo;za TELKET peKa ‘IEPES pEKY He'l‘ MOCTOB H ‘-IEJIOBE‘.K Ha‘-lHHae‘F‘

CBOE JIBHXKEHHE cripasa or peku B Touke A(0,0), off HABT MO cefKe YJHIL TO OfHOMY
M3 KpaTdaKllimuX ny'reu He Boanpamasmb U He nepecexaﬂ pexy Torna uucIo pasnwmmx
nyTed PaBHO Cy. -

[IOKAKHTE, YTO ¢, — ITO YHCAO CNOCOBOB COENUHUTH 2n TOYEK Ha IVIOCKOCTH, JIeXAIIKX
Ha OJ(HOH FOPH3OHaJBHOHM MPAMOH, IPH NOMOLLY 1 HEMNeépeceKaolluxces AYr, Kaujas u
KOTOPbiX COEJMHFET POBHO /iBE TOUKM ¥ PACHIONOKEHA BHINE STHX TOYEK; M C2 = 2:

Uucsto TaKHX BO3MOXKHBIX MOC/IEAOBATELHOCTEH AJMHb 2n, COCTOSIMAX M3 N ukces 1 u
n uncen —1, uTo cymma Sj DepBHIX k UieHOB NOCIe/l0BaTe bHOCTH HeOTpHuaTeana Aas
Beex k=1,2,...,2n, PaBHO Cy.

c;,-—aTo YuCJIo TAKUX NOC/efoBaTelibHOCTeH ua’rypanbab:x gncesl a1 K ... € Gy, YTO
< i. Hanpumép, aia c3 = o 111,112,113, 122, 123. '

cn—-qucno TAKUX ﬂocnenonaz‘enhﬂomen HATYPAIBHLIX HHCeN a1 < .. < Gpey, 9TO
22 '

cn—'mc.no TAKHX nocneno;sa’renbﬂocweu @y,...,0, USJBIX dHcen, 410 a1 = 0,

G\ai+1*~<-.a-i+1.. '

¢, — 3T0 YHCJIO TAKHX TOC/EAOBATE/NLHOCTEH HATYPANBHBIX quces (a1, az, . - yn)s Gi 2 2,

yro B flocnefoBatessHOCTH (1,05, ag,...,0n, 1) KaX(IOe 9HCJO a; ABAACTCH [efHTeseM

CYMMbI IBYX CBOHX cocefeil.

Cn — 3TO UMCJIO TAKHX MOC/E/OBATENBHOCTEH a1, . Qg € aneMeHTaMH H3 KOAbUA Zp.i,
yro a1 < .. . < a,, a1 +da +...+ e, = 0; Hanpumep, 1as cg = 5: 000,013,022, 112, 233.
Cp — 3TO YHCJO TaK¥X [OC/EO0BATE/bHOCTeH 4y, ...,0n HATYPANBHBX YHCEJ, YTO Tpéx-
Avarona/lbHas MatpHLA

e .1 0 0 0

1 a9 1 O .. 0

0 1 ag i . 0

0 0 0 O n-1 1

0 0 0 0 .. 1 a,
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13)

14)

15)

HMEET efMHHYHLIA ONpPeJE/HTeNb H NOJNOKKTELHO ONpeje/eHa (Bce yrioBsie MHHOpSI
TIOJIOXKHTEJBHEL). '

Cn — HHUCJIO TAKHX MOACTAHOBOK T TPYINL! Sy, 4TO 7 AB/SAETCA NPOH3BELEHHEM 1 He3aBH-
CHMBIX TPAHCMOSHUMH, a npoussesenne 7(1,2,. .., 2,) HMeeT B cBoéM Pa3JoXeHHH B npo-

H3Be[IeHHE He3aBHCHMBIX LIMKJIOB (IMKJIOB C HeNepeCceKAILIMMUCH opGutamu) poBHO n+ 1
LHK/, CYHTAA LUHKJIB JJHHBL ],

Cp —YHC/IO TAKHX Nap nepecTaHoBok (o,7), ¢,7 € S,, uTo CYMMapHO® HHCJIO HUKJIOB
B PA3JIOKEHHSAX 0 H T B [POHIBE/ICHHE LHKJIOB C HeNlepeceKaoLHMHCS opburtamu {cuuras

- WEKAbL JinHEL 1) pasHo n+1,mor = (12 ... n),

Cn = 9TO HHCA0 ABYCTOPOHHHX HEAJIOB B ajre6pe BePXHETPEYIOAbHEIX MaTpHL pa3mepa

(n—1)x (n—1) Han nozem.

' 16)

17)

L akcit=c,.
k=1 :

1-y/T-4z ' S
——7—$ = ) Cu#" (NPOH3BOAAIIAA DYHKLMA YHCEN Karasana).
n=l1 ’

3ameuanns 6.2.8 (o akropuane), Ilycrs z € R, [z] — nenas wactb uncna z (HanGonsiree

LeJIoe HHCo, He mpeBocxoaauiee =t [z] € z < [z} +1).
~ Tlokaxure, uro '

= [ pHHEH-),
p npocroe
pEn

" Ditsiep noKasal, yto

I L S —
v (v 1) +2) - (n+m)

"uTO 110 BOSMOMKHOCTh ONPEACANTs (BaKTOPHAN AJA h, OTAHUHLX OT OTPHIATENBHEIX LEebIX

gHces. TouHee, Oblia BBeeHA raMMa-ynknus ditnepa

mhn®
P(z) = lim oz + 1) (z+m)’

UMEIIMIAS CMBIC ISt BCEX ACHCTBHTE/bHBIX T, OTIHYHBIX OT LEJIBIX OTPHIATEABHBIX YHCEJ.
O1a QyHKUHA 06J42aeT MHOPHMH NOME3HHIMH CBOMCTBAMH, B YACTHOCTH:

SAag x>0

M(x +1) = 2l'(z);
L(n)=(n—1)L

P(r4}) - L2nnon o

I'(z) =/tz_le“£dt.

0

Hs npeacrasiennn

D(z) = Vama™fe >t 0<f<1,
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ans Ck:

caepyer gopmyna CTrpJauHra
L n
nl = v2mn (E) e, _
e

Donee Tounoe npubsrxkende gaét gopmyna Faycca: .

1\ ™3
VI (“+ ) il
= e n+1i2

c

Ha opmyast Crupmanra anst nl (nl ~ v2mnn"e™ (iipn n— co)) noayuaew ACHMIITOTHKY
27Tk(n k kk(n — k)n-»k (npu k — 00, n = k — 0).

"~ B uactHOCTH,

cri? npH ,
Y (npy 7 — o0)
R, PP

2\/-7"1 2n /——"2 +l,

_Cn (k—l)“ ko nk+i+1
_nk—H \/ﬁ k 1 '

Has uncen Kartanana uMeeM ciefylomyio achnTo*‘rHKy (n = o0):

Hponaacm,ﬂaa cpym{unﬂ I‘(a:) BToOMKe T = 1 ¢ oﬁpaTHbm 3HAKOM HA3HIBAETCH [IOCTOSHHO

: -SHnepa

y=-T'() =0, 577215

: STB HOC’I’OﬂHH&ﬂ HrpaeT Ba}KHYIO pOJIb B MaTemaTH‘-IeCKDM aHanuae H HMGET paBJlH‘-leIe BKBH“-

BAJICHTHEIE Ol'lpe,[[e.ﬂeﬂﬂﬂ Hanp}mep,
.Hn. :hln + v -+ T

rae

(210 o3xauaer, uro «y = lim (H, —Inn)).
n—oo i
3uamennTan oTkpeiTas npobaema 6.2.9. Bepro au, uro v € Q7

[locTosiHuan Ditnepa HMeeT caefyIOlNHe HHTErpajbHble NIPEACTABJICHHN:

oo 1 : .
y= —fe~*1ntdt=-—f_1ﬁ (m%) dt =
0 : 0 ’

1 o . : .
et [amert - e ea
0 S _ 0

S
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Mpu s # 0,—1,—2,... AMEIOT MECTO PaBeHCTBA

F—éj=se75ﬁ(1+ ) ;

n=1

| r(g:%ﬁ(u%)s(u%)—}.

:lr-

n=1

Bera-dyHxnus Jitnepa B(x,y) MoxeT ObiTh onpene.neﬂa Kax .

( )F(y)
Blay) = T(z+y)

A (npn_-a':-,y >0 B(:q, y) = ft“’“l(l y‘i dt). Ecan £ =m,y - n EN, 10 7.

e R S S
(m+n 71)! (m+n—1)C,’;?+,{ (m+n 1) m+n 2,

1 _ m—1 1 __ =1
nB{m,n) = G-ty mB(m,n) '_.C.'m“”."_l'-.

B (m n) =

3ameuanue 6.2.10 (cr"temianbﬂme KOMGHH&TOPHI:IB quc.na).

1) Ilpu nepexop,e OT GHHOMHAJIBHBIX Koat}atpﬂuﬂemos K cTeneHsaM BosHuKaloT uMcaa CTHp-

| JIMHTA nepBoro po;xa s(n k)
e ~1)..(e—n+1) = snk)z*.
- L k=1 o

Jlomo/HUTEe/IbHO TOJIOKHM
5(0,0) =1, s(n,0)=0, neN
TTokaxure, 4TO uYKcaAa CTHPAMHIA NePBOTO POJia 06/2AAI0T CJEAYIOUMME CBOHCTBAMH:

3] Zn: s(n, k) =0 (upu n > 2),
k=1

- 2) s(n+1,k)=s(n,k—1)—ns(n, k);
_n(n—1)

-2
4) s(n, 1) "( l)n_ (n— 1)!;

. s(n,k—1)
9 Jim 25

s(n k)

3) s('n n-— 1) = ——02

(ln(l + a:)) (oKcmoHeHYMabHAR IPOUSBOAAINAA PYHKIUA);

6) S T

n=0
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7) nns
tn, k) = |s(n, k)| = (=1)**s(n, k), _
rae s(n,k) — uncna CTHPAKHIA MEPBOTO Pojfa, HMEEM CIEAYIOULYI0 KOMOHHATOPHYIO
uHTepnperannio: {(n, k) — 4Hc/I0 NOACTAHOBOK Ha MHOXecTBe {1,2,...,n}, B 3anucu
KOTOPBIX B MpOM3BE/ieHHe He3aBHCHMBIX LIHKJIOB HMeeTcA POBHO k LUKMOB (cunTas
uuxae! aiaunel 1). Hanpumep, ana n = 4 umeem

z(z — 1)z —2)(z ~ 3) = z° — 62% + 11z — 6,
NO3TOMY
t(4,1) =6, t(4,2)=11, (4,3)=6, t{4,4)=1
i k = 1 uMeeTcs JKLWB 0fHA BOBMOXKHOCTD (OpH 7t = 4) — UHKA JJHHBL 4, YHCA0
TAKHX LIHKJIOB PAaBHO 411 =6 =1t(4,1). [Ipu k = 2 umeeTcA ABEé BOSMOMHOCTH: LHK-
Jbi UIHHBL 1 ¥ 3 W JiBe TPAHCMO3HIMA. HCAO NMKIOB Anunbl 3 npH n = 4 paBHoO

4. —-3~ = 8, a YMCJIO TPEHCHOIULKE PAaBHG 6, CAENOBATE/ILHO, YHC/IO MOACTAHOBOK, 5B~

. e ) . B T L 6

JASOLHXCA [TPOM3BeIeHHeM ABYX HE3aBHCHMBIX TPAHCIIO3HLHH, DPAaBHO 3 = 3. Hrak,

843 = 11 = t(4,2). Jna k = 3 uMeercs JIMIIb OfHA BOSMOMKHOCTD — JIBA I[HKJIA

ANIHHEL 1 M TPAHCIOSHUHS, YHCI0 TAKHX [OACTAHOBOK COBNAJAET C YMCJIOM TpaHC-

nosuuui H pasHo 6. [lostomy 6 = ¢(4,3). Cnyua#t k = 4 npu n = 4 —sTo HeTbIpe

IHKJA AJIHHBL 1, TOJBKO TO)K}],ECTB&HH&H nopctanoska. CnegopatensHo, 1 =¢(4, 4)
8) t(n, k) = > 18y - dnek;

BN 5 THIOYS P
Igii<is<.in-k n-—»l

9) uMcIo HOACTAHOBOK d(n, k) Ha 7 3AEMEHTAX, Kax/Jas H3 KOTOPBIX COCTOHT ¥3 k IMK-
JI0B, OTVIHYHBIX OT eAHHHYHBIX, paBHo

d(n, k) = ZCi( 1)’t(n )

i=0
IMokaxuTe, 4TO

“d{n+1,k) z nd(n, k) + nd(n — 1L,k—1)

> " d(n,k) = D,
ok

FILE_Dn“"‘IHCJTO TAKHX MEpectaHoBoK (o, .. ,an) Ha {1,...,n}, uro ap # k&,
k=12...,n (ngl D. =nDp_ 1+( 1) ,,_ZC*( 1)’°(n k)

. Dy 1

lim — = —

naoo nl e

2) [Tpu nepexo;ﬁe OT cTemeHeil K GHHOMHA/ILHIM Koaqupnunemam BOSHHKAIOT 4MC/A CTPIp-
. mnra B'roporo po;xa

3" = Z S('n,_j)p(':v;j')‘, -'

J--l

e p(a: 0) =1, p(m,;) = m(m— 1) (z — j +1) At § € N. ,[I,ono.nHH're.ano OO UM '_

. 'S(O 0) =1,8(n,0)=0(ne N) Tlokaxute, uto

e i o TP
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1) uncaa CTuUpJAMHIa BTOPOTO POAa HMEIOT CJIEYIOIYI0 KOMOHHATOPHYIO XapaKTepH-
zanuio: S(n, k) —9T0 4MCAO mpeACTaBJeHMH MHOXECTBA M3 7 3JIEMEHTOB B BHAE
o6beAuHeHHs k HEMYCTHIX HelepeceKalouwMXes NOAMHOKECTB (UKc/Io cnocoboB pas-
JIOXKHATH N Pas/HYHBIX NPeAMETOB B k OAWHAKOBLIX ALMAKOB Tak, 4ToOB BCe ALMKH
6oty HenyerniMu). Hanpumep, 5(4,2) =7,

{1,2,3,4} = {1,2,3} U {4}; {1,2,4}u {3},

AL34ju{a}, {23,401},
{L2yu {34} {L3yu {24} {1,4}U{2,3}.

_ K
2} S(n,k) = —1- Ek:(—-l)rcr(k -t = (= 1) Z( 1)101

| _3) k= ZS(n,J)p(k,J) rae ;o(k )= =C{- gk

k_'. ,
(k- J)

- B) uncso q)yﬂxuﬂu M3 MHOXECTBA, COCTOSIIEr0 M3 7 3JEMEHTOB, Ha MHOXECTBO, CO-
crosiutee U3 k sneMeHTOR, paBHo S(n, k) - kY,

6) S(ﬁ, n—1)=C:= _ nn 2_ D) (Tpeyrosbuge uucaa); -
7) S(n, 2) = 2"l 1; '

-_8) S(n,n+2) = E(nmiml) Clonzy;

l-—-

9) S(n—l—lk) EC’S(n jkml)(nkGN n > k),
=0 o
10) i S(m,’k)s(k,n) = Omn (m > n). Marpuua A = (ay) € | M (Q),
. k=n ’ ’ o
a;; = s(i — 1, — 1), abagerca obpaThol K Matpune B = (bi;) € Mp1(Q), re
A b,J=S(2—1,j—1), o
Sn,k~1) . Snk) 1

W Tsmn Y T RO

Jmﬁiif

E S{n, k)— (SKCHOHEHuHa.ﬂbHaH NPOM3BOASIIANA DYHKIHA);
n_

i

13) -0 = 35 O e @) = 3 S, ke

n=0 n/ k=0

14) S(n,n) = — h#LW
! fttotne=n TH:

: n1N2., o0

15) o6paurenue Crupaunra

Cn ' n ‘
va =Y s(mkuy <= ua=Y Sk, (n&OUN)

k=D k=0 ~
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3) Uucna Bensa onpegessitores GopMyJIon

by = iS(n, k).

Uyiesto Bedta b, — 970 4nc/io BeeX pasbyeHHH MHOXeCTBa U3 N 3JIEMEHTOB B 06'benuHeHHe
HemepeceKaloIMXes HEeNyeThiX NOAMHOKECTB, TokaxuTe, 4T0

1) nonaras by = 1, flony4daem pexyppeHTHYI0 GopMyay aas uuces Besa:

_2)

kg skin sliks . k'
ki JI)

. = by
e 1=3%" ]z (SKCHOHEHuHaJleEH npOHSBOAHU.laﬂ CPYHKHHFI)

n=0
_ 1> k"
4) bﬂ:z}‘g}——i,
1 (k+1)"
5) bﬂ+1_-e-l§] k' +

6) 3° s(n, k)bx = 1 (n € N);
- k=0

7) npun — 0o

el ™n 1
by, ~ ,
" Inn
Tjie T — KOpPeHb ypaBHeHHs & Inx = n.
4) (uucna Bepuynan). Ilyets
L 1
9 1 0 0
1 1
3 o 1 0
1 1 1
= (—-1".nl| = = il
Sl - 0
1 _1_ 1 1
(n+1) nl (n—-1) 2!
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(uncna Bepuysun). Tokaxure, uto

1 1 1
BI = '_'51 B2 - 6: BS = 01 B4 30

JomoanuTenasno noaoxuM By = 1. Uucna By, n € N, HasbiBaioT¢a yucjaamu Bepuynau,
[Mokaxure, uro

. k-1 '
1) 1+ClB + C3Ba+.. .+ CF By = 3, ChBr =0 (k=2,3,..);
. r=0

2) B2k-l;1 = ( 1pn k eN;

3) B, > 0, ecu n HeubTHO; By, < 0, e n 4ETHO;

m—1
4 YR =y E Ci+13sm”+1"’
k=0
SRRy

Py k‘ (nponsnonﬂmaﬂ cpyﬂxum)
—1 k=0 ' _

RN _ o |
6) B, = é %@-, rie S(n, k) —_qi{cna Crupausra Broporo poda (cm, c. 241},
HANPHMEP, '
Cs(1) =1, S@42)=17 S@43) =6 S544)=1,
| 1 14 24 1
B4—-“§+—3——9+—5“—”“%,.
7)
-z cthz = z Z4“Bgn
. Z 211.
zotgz = (—4)" By |
n20 (2 )1

8) nmaera-pyHKLHA PumaHa onpeneme’rcn cJlelylolHuM o6pasom:

o]

{(s) =Z-$; (seC, Rez>1).

n=1
[Tokaxcute, uto ecan k € N, 10

(—1)k+132k22k"1ﬂ2k _ (27{)23’

_qym12 Cm)t
Pan = 1 g <2
n)! .
B oco)
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9) (teopema Llraygra)
' 1
By = Aq - —
A2 R

k>0

kln
k-1 npocroe
Hanpumep, Bs = % n = 6. Nemnrenn unena 6: k= 1,2,3,6, k+1=2,3,4,7 (u3
1 1 1 1
V '2:3!7-C ,B: — o e e em IS
HHX HPOCTEIE YHCA ). CaenoBatesbho, Bg =1 23R

10) psn Crupaudra (pacxogsuuiics):

ln(z') = ln(\/2—7?) + (z + ) Inz—-z+ nZ_ By - (k 2)! 93211 - (2n = 2)!

klzk-1 (2n)lz2n-1 !

e 0 <8< 1. Xorsa pap CTHleHHI‘a pacXomuTcA, OH Haér BOSMOXHOCTb BEMUCIATS
snauenus In(z!) ¢ Goasiuoit TouHocTsi0. B wacTHoCTH,

| — ¢
In(n!)=nlnn-—n+nv 27rn+—1-%, 0<f<l,

o*rxyna n' \/vaﬁ e ™
11) MHOrOUJEHB! Bepuynnﬂ Bn(:r:) onpenemo'rcn thopmyioit

B,(z) Z C“ B 1:’"“‘

1—0
: HoKa'}kﬁTe, yTo
a) pa 0 <z < 1t |
7 - Byp41(1 — 2) = =Byrqa(z);  Bapya(l — z) = Bypya(a);
6) B, (%) = (2" —1)B, ans Beex n = 0.

5) (auciia Jlaxa). Ilyctb |
. _ ‘ nl
L = (-—1)"Hcﬁ_i

(ancna Jlaxa, n > k). Hoxamme, 4T0; '

1) L1,1

-1, L21 = 2, Loy = 1, L33 = —6, Lgp = —6, Ly = -1
'Ln+1

—~(n + k) Lag — Log—1s (=1)*Lng > 0;

k
t“ 1 t :
2) Ly(t) = 2 Ly p— o k' (mm) (axcrioHeHUHMaJLHAS POU3BOAsinas (hYHKIMS);

3) Lok = ;}(—1)’ s(n, )5, k);

4) obpamenue Jlaxa:

o n "
Uy = E Ln,;,.uk A= Up = E Ln}kvk.
k=0 k=0 .
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6) (yucna Ditnepa). Ilyets o = (a(l),...,a(n)) — nepecrakoBka uucen 1,2,...,n. Eciu
1<i<n—1wuai) < afi+ 1), To ToBOPAT, YTO NEPECTAHOBKA o HMEeT COCE/HHI Ops-

N . " ) n . " . n
pok Ha mecte (4, 7-+1). Dilnep BBén yucaa ; (ducna Diknepa): uncio )~ 9TO HHeIo

nepecTaHoBOK ¢, Y KOTOPLIX POBHO k COCeAHUX NMOPALKOB, Hanpﬂmep, =1 (Tox-

-1

JeCTBERHAs IEpecTaHOBKA), 0) = 1 (nepecrauoska (n,n — 1,...,1)). HononuuTensHo

TIOJIOXKHM <g> = 1. Ilokaxure, uto;

(-l
3 <Z> > (-1y n+1(k_+i o

4) nla" = T <z>(m TR eyt =y(y =1y —nt e = <:>C;‘+k‘.

S(n, s) = i %——<z>

<> Z( 1)": —kpiCe kS(n k).

7) (xoaeptbmmémm T'aycca, q-6HHOMHaﬂbele Koaqaqmuuembl) Iycte F —mose 3 ¢ aiie-

- T
MEHTOB. L —‘JHCJIO k- -MePHBIX HOﬂHpUCTpaHCTB ﬂ'MepHOI‘O JUHEHHOr0 [IPOCTPaHCTRE

nag F (Koa(j)qmuneﬂ'rbl [aycca). Hoxa}xm‘e YTO!

n\ A -D(¢"'-1)--- (g"FHl-1) & —g+1_1 3
D (k)q . (gF ~1){gF-1=1)-. - (g—1) 31;[1 (k=1,...,n). Houonin-

TeJILHO = 1;
0/,
e 11{d~1) n
2) (k) = - i=t — -, TaKHM ofpazom, (k) — «g-aHajior» yucna CF, a
e _Hl(q"ml) Hl(q"-l) v | :
= =

no
[1(¢' — 1) — ¢g-aHaJIoT qucaa nl;
i=1

3) pasﬁueBHeM HATYPa/iibHOTO YucJa 7 HasblBaeTcsd Juobas HesospaCTammaﬂ nocne-

AOBATEJBHOCTh HATYPAJbHBIX HHCEA Aj,..., A, AJA Kompon Z)\ = n. HYCTI:

e e TP
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p(N, M,n) —uucso pasbuenuii yncna n He Oonee ueM Ha M wacredl, Kaxjasn

u3 KoTopbix He npepocxoput N (acHo, uro p(N,M,n} = 0, eciu n > MN,

p(N,M,NM) =1). G(N,M;q) = >, p(N, M,n)q" (npoussopswasn dynxuusa). To-
nzl

ria

G, My = G2 Ao g ) (N+M) .

(1—-gV)---(1-9) M

5) (n) < (n) <...< (n) .>( " ) >.> (n) TIpH 4ETHOM 7;
A0/, 1/, \3/, \5+1/, n/, '
6) (n) < (n) <. < ( n) —( . ) >...> (n) NPy He4ETHOM 71;
v '-I — 1 L ° )
SN0, N T/ \'tl/, "/ q

N HA+ea)=3 (:) g e
k=1 : g

k?O

HE Y L ok
(i), -

9) maa mHorouseHos laycca

@) =1 @) =E-D@-q@—g), neN,

ey

HMEEM n
=3 (:) ()
k=0 q

(q-aHanor roXpeCTBA 3" = E C"(a; —1)%);

10) nyets k 1 [— ue.nhle HeoTpulaTe/bHble yncia. [fokaxkuTe, uto
- _ (1 _ ﬁl:H-l.)( !+2) (1 H-k)

D 90l = T -
gkl(z') = gii(z), grg = Chyps .
6) ecnn ho(z) = 1, hu(z) = (1= z)(1 —z%).-(1—z™)npumeN, T0

hiea(z)
hi(z) - hu(z) -

B) gea(z) = gr-11(x) + T graa (@) = gri-1(a) -+ lgera(w);

r) a¥gei(1/z) = ge(@);

1K) ecau Py (n) — KonudecTBo pasbueHHi YHcia n Ha He 60J1ee yeM Kk CAaraeMblx,
_KaXI0€ H3 KOTOPBIX He MPeBOCXOAHT I, To :

— MHOTOYJIEH CTeleHH k-1l ot z,

gre(z) =

chapk i(s) = g z(I)

s=0

(npomssofsuias QYHKUMS);
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-1 n—1

w (1), (20, (),

k q k1 q k q

n n—1 n—1
12) () =( )+qn_k(‘ );
AR/, k o/, k-1/,
13) (a-+a)(z+qa) - (z+q" ) = 3 (”) B R P (ﬂ) 52 g3,

q q .

=0 \J =0 \J
14) econ yx = gzy, TAE ¢ — YHCIIO, KOMMYTHpYIotilee ¢ nepemexﬁbmn THY, TO

o=y (j)qxfy"-f;

=0

15) (‘-IﬁCJI& Tasya):
- n
= (n
Ga=2 (1)
k=0 ?

(#c/io sAeMeHTOB B peléTKe NOANPOCTPAHCTB N-MEPHOTO JMHEHHOTO NPOCTPAHCTRA
Haji KOHeYHHIM 1oJieM M3 g sueMenTos). [lokaxure, yro

Go.q =1, _ Gl‘q =2, Gﬁ-}-l,q = 2_Gn,q + (qn - 1)Gn—-1,q-

Reguus N2&

_‘*——-—_/

AL e T




